Recursive sequences

The set of positive real numbers ajy, a, ..., axn+1  iSone such that ax — 2ays; + ag+2 > 0,

a,+a,+..+a a,+a,+..+a
k=1,2,...,(2n-1). Show that 173 andl > 72 4 2n
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Also prove that the equality holds if the numbers are in an arithmetic progression.
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Deduce thatif 0<t<1, > Jt .
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The sequence @, a3, a3, ... isdefinedas a; =3, a,, = 5 , (n>0).
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Prove that O<a,, -5< % < 6(—) .
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(i) Thetermsof asequence Y, Y, Ys... satisfy the relation  yx=Ayx1 +B (k=2),

where A and B are constants independentof k and A=1.
Guess an expression for  y, (k>2) intermsof y;,A,B and k, andproveit.
(i)  The terms of a sequence Xo, X1, Xp,...  satisfy the relation  xx=(a+b) X1 —ab Xk, (k> 2),
where a, b are non-zero constants independentof k and a=b.
(@) Express Xxqx—axg: (k=2) intermsof (x;—aXp), b and k.

(b) Using (i), or otherwise, express xx (k>2) intermsof Xo, X;,a,b and k.
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(iii) If the terms of the sequence Xo X1, Xz,...  satisfy the relation xk=§xk71+—xk72 (k> 2),

express Ikimxk intermsof X, and Xxi.
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Prove that if n isa positive integer, then (\/§+1)n = anx/§+ b, for unique integers a,, b,. Furthermore,
prove that (i) aw=2@""+a,) . bpe=20"+b)

() (3-1 =(-1"'(@,v3-b,) ;

(i) 3a’—by?=(-1)"*2"
The two sequences of positive integers ag, Az, ..uy Any ven | by, by, ...,bn, ... satisfy the following
conditions: a;=b;=1 and apu=a,+2b,, bnyp=a,+Db, forall positive integers n.

(i) Prove that for each positive integer n, a,>n,b,>n and a.?-2b,%=(-1)".

(i) Reduce from (i) that Z—"<JE, if nisodd , 2ns42 if n iseven and limar—+2.
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(iii) Express Bny in terms of Z—” and show that ‘”—”—x@
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Let X, Yn benumbersdefinedby x,,, = /Xnyn.l y .= X, szyn ’

x1=a>0,y1=b>0 and a>b. Showthat x,<y, for n>1.



